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Abstract The first aim of this article is to study the sharp singular (two-weight) Trudinger-Moser inequalities

with Finsler norms on R2. The second goal is to propose a different approach to study a vanishing-concentration-

compactness principle for the Trudinger-Moser inequalities and use this to investigate the existence and the

nonexistence of the maximizers for the Trudinger-Moser inequalities in the subcritical regions. Finally, by

applying our Finsler Trudinger-Moser inequalities to suitable Finsler norms, we derive the sharp affine Trudinger-

Moser inequalities which are essentially stronger than the Trudinger-Moser inequalities with standard energy of

the gradient.
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1 Introduction

Studying sharp versions and extremal functions of geometric and functional inequalities has been the main

subject of many mathematicians. This line of research plays important roles in several problems arising

in the calculus of variations, partial differential equations, geometry, etc. Among those inequalities, the

Sobolev-type inequalities are probably one of the most important and frequently used inequalities in the

literature.

To study the prescribed Gauss curvature problem on the two-dimensional sphere S2, Moser [51] studied

an exponential Sobolev-type inequality on S2 with an optimal constant and a sharp limiting Sobolev

inequality, namely the embedding W 1,N
0 (Ω) ⊂ LφN (Ω), where LφN (Ω) is the Orlicz space associated with

the Young function

φN (t) = exp(α |t|N/(N−1)
)− 1

for some α > 0 on any finite-measure domain Ω in the Euclidean space RN . The latter one has been

set up without its best form independently by Yudovich [63], Pohožaev [54] and Trudinger [60]. This

embedding can be considered as the sharp border-line Sobolev inequality because it provides information

on the optimal target space for the Sobolev embedding in the limiting case. Indeed, it is well known that
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W 1,p
0 (Ω) ⊂ Lq(Ω) for 1 6 q 6 p∗ = pN

N−p when p < N and W 1,p
0 (Ω) ⊂ Lq(Ω) for 1 6 q < ∞ when p = N

but W 1,N
0 (Ω) * L∞(Ω).

Using the symmetrization arguments, Moser [51] proved the following theorem.

Theorem A. Let Ω be a domain with finite measure in the Euclidean N -space RN (N > 2). Then we

have

sup
u∈W 1,N

0 (Ω):
∫
Ω
|∇u|Ndx61

1

|Ω|

∫
Ω

[exp(αN |u|
N

N−1 )− 1]dx < ∞ (1.1)

with the optimal constant αN = Nω
1

N−1

N−1, where ωN−1 is the area of the surface of the unit N -ball.

The constant αN = Nω
1

N−1

N−1 is optimal in the sense that if we replace αN by any number α > αN , then

the above supremum is infinite. Actually, it can be checked that the constant αN is indeed sharp in the

following sense:

sup
u∈W 1,N

0 (Ω):
∫
Ω
|∇u|Ndx61

1

|Ω|

∫
Ω

exp(αN |u|
N

N−1 )|u|adx = ∞, ∀ a > 0

by using the Moser-type sequence

un(x) =



(
1

ωN−1

)1/N(
n

N

)N−1
N

, 0 6 |x| 6 e−
n
N ,(

N

ωN−1n

)1/N

log

(
1

|x|

)
, e−

n
N < |x| < 1,

0, |x| > 1.

(1.2)

The approach in [51] is the following classical Schwarz rearrangement argument: every function u > 0

is associated with a radially symmetric function u# such that the sublevel-sets of u# are balls with the

same area as that of the corresponding sublevel-sets of u. Moreover, u# is a positive and non-increasing

function defined on BR(0), where |BR(0)| = |Ω|. Hence, by the layer cake representation, we have∫
Ω

f(u)dx =

∫
BR(0)

f(u#)dx

for any function f that is the difference of two monotone functions. In particular, we obtain

∥u∥p = ∥u#∥p,∫
Ω

exp(α|u|
n

n−1 )dx =

∫
BR(0)

exp(α|u#|
n

n−1 )dx.

Moreover, the well-known Pólya-Szegö inequality∫
BR(0)

|∇u#|pdx 6
∫
Ω

|∇u|pdx (1.3)

plays a crucial role in the approach of Moser [51].

It can be clearly seen that the Trudinger-Moser inequality (1.1) becomes meaningless on domains of

infinite volume. Thus, it becomes interesting and nontrivial to extend such inequalities to infinite-measure

domains. In this direction, we state here the following three such results in the Euclidean spaces that

could be found in [1, 3, 18, 25,36,38,40,43] and [49,55] among others.

Theorem B. Let 0 6 β < N and 0 6 α < αN . It holds that

STM(α, β) := sup
u∈W 1,N (RN ):∥∇u∥N61

1

∥u∥N−β
N

∫
RN

ϕN

(
α

(
1− β

N

)
|u|

N
N−1

)
dx

|x|β
< ∞, (1.4)

TM(β) := sup
u∈W 1,N (RN ):∥∇u∥N

N+∥u∥N
N61

∫
RN

ϕN

(
αN

(
1− β

N

)
|u|

N
N−1

)
dx

|x|β
< ∞, (1.5)
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TME(β) := sup
u∈W 1,N (RN ):∥∇u∥N61

1

∥u∥N−β
N

∫
RN

ϕN (αN (1− β
N )|u|

N
N−1 )

(1 + |u|
N

N−1 (1−
β
N ))

dx

|x|β
< ∞. (1.6)

Here,

ϕN (t) = et −
N−2∑
j=0

tj

j!
.

Moreover, the constant αN is sharp.

It was also showed in [9, 38] that (1.4) and (1.5) are indeed equivalent. Moreover, Lam et al. [38]

studied the asymptotic behavior of STM(α, β) and the relation between STM(α, β) and TM(β). We

note here that the approaches in [1, 3, 25, 43, 49, 55] rely on symmetrization arguments, namely the

Schwarz rearrangement, which are not available in many settings. In [22, 34, 35, 38], the authors used

rearrangement-free arguments to prove that for 0 6 β < N and a, b > 0, TMa,b,β(α) < ∞ if and only if

α < αN or b 6 N and α = αN . Moreover, the inequality is sharp in the sense that TMa,b,β(α) is infinite

if and only if α > αN or b > N and α = αN . Here,

TMa,b,β(α) := sup
u∈W 1,N (RN ):∥∇u∥a

N+∥u∥b
N61

∫
RN

ϕN

(
α

(
1− β

N

)
|u|

N
N−1

)
dx

|x|β
.

In this sense, we can say that the Trudinger-Moser inequality is subcritical if α < αN or b < N and

α = αN .

By the extremal functions of the Trudinger-Moser type inequalities, the first important result was set

up by Carleson and Chang in the celebrated work [8]. More precisely, they proved that the supremum

sup
u∈W 1,N

0 (Ω),
∫
Ω
|∇u|Ndx61

1

|Ω|

∫
Ω

exp(αN |u|
N

N−1 )dx

can be achieved when Ω is a Euclidean ball. This result came as a surprise because it has been known

that the Sobolev inequality does not have extremal functions supported on any finite ball. Subsequently,

the existence of extremal functions has been established in other settings such as arbitrary domains

in [12,15,23,44] and Riemannian manifolds in [41,42,45].

It is worth mentioning that when there is the presence of weights on both sides of the inequalities, the

Schwarz rearrangement is not applicable, even on the Euclidean spaces. Thus, it is interesting to study

the Trudinger-Moser inequalities in such cases. In this direction, Dong et al. [20] proved, among other

results, that for any α 6 αN and 0 6 β < N ,∫
Ω

exp

(
α

(
1− β

N

)
|u|

N
N−1

)
dx

|x|β
.
∫
Ω

dx

|x|β
(1.7)

for all u ∈ W 1,N
0 (Ω) such that ∫

Ω

|∇u|Ndx 6 1.

Again the constant αN is sharp. The interesting part is that since the weight 1
|x|β appears on both sides of

the inequality (1.7), the classical Schwarz rearrangement procedure is not available. Hence, in [20], Dong

et al. used a suitable quasiconformal transform to reduce the singular case to the non-weighted case.

This extends the results in [2], where Adimurthi and Sandeep used the Schwarz rearrangement to study

an interpolation between Moser’s inequality and the Hardy inequality in the singular case 0 6 β < N :

sup
u∈W 1,N

0 (Ω):
∫
Ω
|∇u|Ndx61

1

|Ω|1− β
N

∫
Ω

exp

(
α

(
1− β

N

)
|u|

N
N−1

)
dx

|x|β
6 c0 (1.8)

for any α 6 αN . Indeed, it is clear that ∫
Ω

dx

|x|β
6 |Ω|1−

β
N .
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Hence, (1.7) is an improvement of (1.8). In fact, (1.7) is essentially stronger than (1.8) since the ratio∫
Ω

dx

|x|β

|Ω|1−
β
N

is not uniformly bounded from below by any positive constant, as Ω ranges in the set of finite-

volume domains.

For the applications of such inequalities to geometric analysis and nonlinear PDEs, please refer to, for

example, Chang and Yang [10] and De Figueiredo et al. [16].

The Trudinger-Moser type inequalities with Finsler norms have also been investigated in [61,64], among

others. It is worth mentioning that Finsler geometry, which encompasses Riemannian, Euclidean and

Minkowski geometries as special cases, has received much attention over the last two decades because of

its functions in various fields of science such as continuum mechanics of solids [14], electromagnetism [7],

information geometry [59] and quantum information processing [56]. One of the most prominent examples

of Finsler geometry is the anisotropic Euclidean space, i.e., the Euclidean space endowed with a Finsler

norm. The importance of such a geometrical context can be found in, for example, the seminal work [62]

where Wulff reported classical experiments on crystal growth and stated his principal conclusions in-

cluding the celebrated Wulff’s theorem. Actually, many studies have been devoted to extending classical

results to such a geometrical setting. We also mention that many other types of functional inequalities

with Finsler norms have been investigated in the literature (see, for example, [4, 17,50,57]).

The main goal of this article is to study optimal versions as well as the optimizers for the Trudinger-

Moser inequalities on R2 endowed with a Finsler norm. Our motivation is the possible applications of

such inequalities to PDEs involving the Finsler-Laplacian, which is a generalized Laplacian.

Let H be a Finsler norm on R2 and Ho be its polar function (see Section 2 for definitions and

properties). We can assume without loss of generality that the convex closed set K = {H(x) 6 1} has

measure |K| = ω2 and set κ2 = |{Ho(x) 6 1}|. Our first main result is the Trudinger-Moser inequality

on the finite-measure domain with the Finsler norm in the spirit of Moser [51].

Theorem 1.1. Suppose 0 6 β < 2 and γ2 = 4κ2. Then there exists a constant C = C(β) > 0 such

that for every u ∈ W 1,2(R2) with 0 < |supp(u)| < ∞ and
∫
R2H(∇u)2dx 6 1,∫

R2

exp(γ2(1− β
2 )|u(x)|

2)− 1

Ho(x)β
dx 6 C(β)

∫
supp(u)

1

Ho(x)β
dx.

Moreover, the constant γ2 is sharp.

We note that the nonsingular case β = 0 was studied in [61, 64] by using the convex symmetriza-

tion argument. The attainability of the nonsingular case was also investigated in [65]. However, when

β > 0, the convex rearrangement technique cannot be applied. In this situation, we will use a suitable

quasiconformal mapping as in [20,21,33,37,52] to reduce the problem to the non-weighted case.

Using the same idea, we also study the following two-weight Finsler Trudinger-Moser inequalities on

domains of infinite measure.

Theorem 1.2. Suppose 0 6 β < 2 and 0 6 α < γ2. It holds that

STMβ(α) := sup
u∈C∞

0 (R2):
∫
R2H(∇u)2dx61

1∫
R2

|u(x)|2
Ho(x)β

dx

∫
R2

exp(α(1− β
2 )|u(x)|

2)− 1

Ho(x)β
dx < ∞.

γ2 is sharp. Moreover, STMβ(α) can be attained.

Remark 1.3. We will actually prove that when α / γ2,

1

(γ2 − α)
. STMβ(α) .

1

(γ2 − α)
.

Here, a / b means that a < b and b − a is small enough. Also, a . b means that there is a universal

constant C > 0 such that a 6 Cb.

Remark 1.4. By the Caffarelli-Kohn-Nirenberg inequality [6], we have∫
R2

|u(x)|2

Ho(x)β
dx .

(∫
R2

H(∇u)2dx

) β
2
(∫

R2

|u(x)|2dx
)1− β

2

.
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Hence, we get the following Trudinger-Moser inequality as a consequence of our result Theorem 1.2:

sup
u∈W 1,2(R2):

∫
R2H(∇u)2dx61

1

∥u∥2−β
2

∫
R2

exp(α(1− β
2 )|u(x)|

2)− 1

Ho(x)β
dx < ∞.

Remark 1.5. It can be deduced from the proof that in the case β > 0, the maximizers for STMβ(α)

must be Ho-radially symmetric.

Theorem 1.6. Suppose 0 6 β < 2, a > 0 and 0 < b 6 2. Then there exists a constant

C = C(a, b, β) > 0

such that ∀u ∈ C∞
0 (R2) satisfying (

∫
R2H(∇u)2dx)

a
2 + (

∫
R2

|u(x)|2
Ho(x)β

dx)
b
2 6 1,

∫
RN

exp(γ2(1− β
2 )|u(x)|

2)− 1

Ho(x)β
dx 6 C(a, b, β).

Moreover, the constant γ2 is sharp.

Actually, using the same approach as in [28,38], we will also prove the following results.

Remark 1.7. Let

TMa,b,β(α) = sup
(
∫
R2H(∇u)2dx)

a
2 +(

∫
R2

|u(x)|2

Ho(x)β
dx)

b
2 61

∫
R2

exp(α(1− β
2 )|u(x)|

2)− 1

Ho(x)β
dx.

We will also show the following identity:

sup
s∈(0,α)

[1− ( s
α )

a
2 ]

2
b

s
α

STMβ(s) = TMa,b,β(α).

Remark 1.8. Actually, the condition b 6 2 is optimal in the sense that TMa,b,β(γ2) is infinite if (and

only if) b > 2.

Remark 1.9. Again, in the case β > 0, the optimizers for TMa,b,β(α), if they exist, must be Ho-

radially symmetric.

The next purpose of this article is to investigate the existence and nonexistence of maximizers for

TMa,b,0(·) in the subcritical case, i.e., α < γ2 or α = γ2 and b < 2. More precisely, using the relation in

Remark 1.7 and combining the ideas in [11,29–32,39], we would like to show the following theorem.

Theorem 1.10. Suppose a, b > 0. There exists αa,b,0 > 0 such that TMa,b,0(α) cannot be attained for

all 0 < α < αa,b,0 and TMa,b,0(α) is achieved for all αa,b,0 < α < γ2. Moreover, αa,b,0 = 0 when a > 2

and αa,b,0 > 0 when a 6 2. Also, there exists an optimizer for TMa,b,0(γ2) when b < 2 < a or b / 2 ≈ a.

Remark 1.11. Theorem 1.10 is actually still available when β > 0. However, for the sake of simplicity,

we will just consider in this paper the nonsingular case β = 0.

Finally, we note that our results can be generalized to the N -dimensional case. We choose to work

on R2 just for simplicity.

2 Preliminaries

2.1 The Finsler norm

In this subsection, we briefly recall the definitions of the Finsler norm and its polar function and their

properties. A nonnegative function H ∈ C2(RN \{0}) is a Finsler norm if it is strictly convex and satisfies

the following two features: there exist positive constants α, β > 0 such that for all x ∈ RN and λ ∈ R,

H(λx) = |λ|H(x),
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α|x| 6 H(x) 6 β|x|.

The polar function Ho is defined as follows: for all x ∈ RN ,

Ho(x) = sup
y∈RN\{0}

x · y
H(y)

.

Actually, Ho is a convex, continuous function on RN and for all x ∈ RN and λ ∈ R,

Ho(λx) = |λ|Ho(x),

1

β
|x| 6 Ho(x) 6 1

α
|x|.

Moreover, for all x ∈ RN ,

H(x) = (Ho)o(x) = sup
y∈RN\{0}

x · y
Ho(y)

.

Proposition 2.1. Let H be a Finsler norm and Ho be its polar function on RN . For x ∈ RN \ {0}
and t ̸= 0, we have

(1) ∇H(x) · x = H(x) and ∇Ho(x) · x = Ho(x);

(2) (∇H)(tx) = t
|t| (∇H)(x) and (∇Ho)(tx) = t

|t| (∇Ho)(x);

(3) H(∇Ho(x)) = 1 = Ho(∇H(x));

(4) Ho(x)(∇H)(∇Ho(x)) = x = H(x)(∇Ho)(∇H(x)).

2.2 The convex rearrangement

In this subsection, we will introduce the convex rearrangement studied by Alvino et al. [5]. We can

assume without loss of generality that the convex closed set K = {H(x) 6 1} has measure |K| = ω2. We

will say that H is the gauge of K. Of course, Ho is the gauge of Ko = {Ho(x) 6 1}. We say that K

and Ko are polar to each other. Let κ2 = |Ko|.
Denote by µu the distribution function of a nonnegative function u, given by

µu(t) = |{x : u(x) > t}| for t > 0

and let u∗ be the decreasing rearrangement of u defined by

u∗(s) = sup{t : µu(t) > s}, s ∈ (0, |suppu|).

Then we define the convex rearrangement of u :

u⋆(x) = u∗(κ2|Ho(x)|2).

We note that when H is the regular Euclidean norm | · |, then u⋆ = u#, where u# is the spherical

rearrangement of u. By the properties of the decreasing rearrangement u∗, we have that for every

continuous increasing function Ψ : [0,∞) → [0,∞),∫
R2

Ψ(u)dx =

∫ ∞

0

Ψ(u∗(t))dt =

∫
R2

Ψ(u⋆)dx.

We also have for u ∈ C∞
0 (R2),∫

R2

Hp(∇u)dx >
∫ ∞

0

(−µ′
u(t))

1−p(2κ
1/2
2 µu(t)

1−1/2)pdt.

One also has ∫
R2

Hp(∇u⋆)dx =

∫ ∞

0

(−µ′
u(t))

1−p(2κ
1/2
2 µu(t)

1−1/2)pdt. (2.1)
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Hence, we get the following Pólya-Szegö principle:∫
R2

Hp(∇u)dx >
∫
R2

Hp(∇u⋆)dx, ∀u ∈ W 1,p(R2), p > 1.

Also, it is clear from (2.1) that(∫
R2

Hp(∇u⋆)dx

)1/p

=
κ
1/2
2

ω
1/2
2

(∫
R2

|∇u#|pdx
)1/p

.

We also have the Hardy-Littlewood inequality∫
R2

f(x)g(x)dx 6
∫
R2

f⋆(x)g⋆(x)dx

for nonnegative functions f and g vanishing at infinity.

2.3 A useful transform

Let 0 < β < 2. We now define the vector-valued function L2,β : R2 → R2 by L2,β(x) = Ho(x)
β

2−β x. The

Jacobian matrix of this function L2,β is

JL2,β
= Ho(x)

β
2−β I2 +A,

where

A =

(
β

2−βH
o(x)

2β−2
2−β x1x

∗
1

β
2−βH

o(x)
2β−2
2−β x1x

∗
2

β
2−βH

o(x)
2β−2
2−β x2x

∗
1

β
2−βH

o(x)
2β−2
2−β x2x

∗
2

)
.

Here, we let x∗ = ∇Ho(x). Then

det(λI2 −A) = λ2 − β

2− β
Ho(x)

β
2−β λ.

Choosing λ = −Ho(x)
β

2−β , we get

det(JL2,β
) = det(−Ho(x)

β
2−β I2 −A) =

2

2− β
Ho(x)2

β
2−β .

Hence, we have

det(JL2,β
) =

2

2− β
Ho(x)2

β
2−β . (2.2)

We now define mappings D2,β by

D2,βu(x) :=

(
2− β

2

) 1
2

u(L2,β(x)) =

(
2− β

2

) 1
2

u(Ho(x)
β

2−β x). (2.3)

We also define D−1
2,β by

D−1
2,βu = v if u = D2,βv.

Actually,

D−1
2,βu(x) =

(
2

2− β

) 1
2

u(Ho(x)−
β
2 x).

Then, we have the following results whose proofs can be found in [37].

Lemma 2.2. The equality in the Cauchy-Schwarz inequality occurs, i.e., for a.e. x ∈ R2,

|x · ∇u(x)| = Ho(x)H(∇u(x))

if and only if u is Ho-radial, i.e., u(x) = u(y) if Ho(x) = Ho(y).
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Lemma 2.3. (1) For a measurable function f , we have∫
R2

f(( 2−β
2 )

1
2u(x))

Ho(x)β
dx =

2

2− β

∫
R2

f(D2,βu(x))dx.

In particular, we obtain u ∈ L2( dx
Ho(x)β

) if and only if D2,βu ∈ L2(dx).

(2) If ∇u ∈ Lp(dx), then ∇D2,βu ∈ Lp(dx). Moreover,∫
R2

H(∇(D2,βu)(x))
pdx 6

∫
R2

H(∇u(x))pdx.

The equality occurs if and only if u is Ho-radial.

2.4 The Moser-type sequences

Motivated by the Moser sequence in [51], we will consider the following Finsler-Moser sequences:

un(x) =



0, Ho(x) > 1,(
1

κ2n

)1/2

log

(
1

Ho(x)

)
, e−

n
2 < Ho(x) < 1,(

1

2κ2

) 1
2
(
n

2

) 1
2

, 0 6 Ho(x) 6 e−
n
2

(2.4)

in order to verify the sharpness of the constants in the Finsler Trudinger-Moser type inequalities.

We have

H(∇un(x)) = |v′n(Ho(x))|,

where

vn(r) =



0, r > 1,(
1

κ2n

)1/2

log

(
1

r

)
, e−

n
2 < r < 1,(

1

2κ2

) 1
2
(
n

2

) 1
2

, 0 6 r 6 e−
n
2 .

(2.5)

Hence, ∫
R2

H(∇un)
2dx = 2κ2

∫ 1

e−
n
2

1

κ2n
r−2rdr = 1.

Also, ∫
R2

|un|2dx = 2κ2

[∫ e−
n
2

0

[(
1

2κ2

) 1
2
(
n

2

) 1
2
]2
rdr +

∫ 1

e−
n
2

[(
1

κ2n

)1/2

log

(
1

r

)]2
rdr

]
= O

(
1

n

)
.

3 Trudinger-Moser inequalities on domains of finite measure with arbitrary
norms—the proof of Theorem 1.1

Case 1. β = 0. By
∫
R2H(∇u⋆)2dx 6

∫
R2H(∇u)2dx 6 1, we first have∫

R2

[exp(γ2|u(x)|2)− 1]dx =

∫
R2

[exp(γ2|u⋆(x)|2)− 1]dx

6
∫
R2

[
exp

(
4π

|u#(x)|2∫
R2 |∇u#|2dx

)
− 1

]
dx

6 C|supp(u)|.
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Here, we used the fact that

|suppu| = |suppu⋆| = |suppu#|.

Case 2. 0 < β < 2. We first note that in this case, since the weight appears on two sides of

the inequality, the theory of the convex rearrangement in Subsection 2.1 is not available here. In this

case, we will perform the transform introduced in Subsection 2.2. For any u ∈ W 1,2(R2) satisfying∫
R2H(∇u)2dx 6 1, we define v = D2,βu. Then, by Lemma 2.3, we get∫

R2

exp(γ2(1− β
2 )|u(x)|

2)− 1

Ho(x)β
dx =

2

2− β

∫
R2

[exp(γ2|v(x)|2)− 1]dx,∫
supp(u)

1

Ho(x)β
dx =

2

2− β

∫
supp(v)

1dx

and ∫
R2

H(∇v)2dx 6
∫
R2

H(∇u)2dx 6 1.

Hence, ∫
R2

exp(γ2(1− β
2 )|u(x)|

2)− 1

Ho(x)β
dx =

2

2− β

∫
R2

[exp(γ2|v(x)|2)− 1]dx

6 C(β)

∫
supp(v)

1dx 6 C(β)

∫
supp(u)

1

Ho(x)β
dx.

Since α2 = 4ω2 is sharp when Ho is the regular Euclidean norm | · |, it is easy to see that γ2 is sharp.

Another way to see that γ2 is the best constant is to use the Moser-type sequence (un) and

wn(x) = D−1
2,βun(x).

Indeed, by β = 0 and α > γ2,∫
R2

[exp(α|un(x)|2)− 1]dx > 2κ2

∫ e−
n
2

0

[
exp

(
α

∣∣∣∣( 1

2κ2

) 1
2
(
n

2

) 1
2
∣∣∣∣2)− 1

]
rdr

&
[
exp

(
α

γ2
n

)
− 1

]
en → ∞ as n → ∞.

Also, for β > 0, by wn(x) = D−1
2,βun(x), we also have∫

R2

H(∇wn)
2dx =

∫
R2

H(∇un)
2dx = 1,∫

supp(wn)

1

Ho(x)β
dx .

∫
supp(un)

1dx

and ∫
R2

exp(α(1− β
2 )|wn(x)|2)− 1

Ho(x)β
dx &

∫
R2

[exp(α|un(x)|2)− 1]dx → ∞.

4 Trudinger-Moser inequalities on domains of infinite measure—proofs of
Theorems 1.2 and 1.6

4.1 The proof of Theorem 1.2

Proof of Theorem 1.2 for β = 0. It is enough to consider α / γ2. Let u ∈ C∞
0 (R2) \ {0}, u > 0 and∫

R2

H(∇u)2dx 6 1.
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Without loss of generality, we can assume that
∫
R2 |u(x)|2dx = 1. Indeed, set

w(x) = u(λx), λ =

(∫
R2

|u(x)|2dx
)1/2

> 0.

Then it is easy to check that∫
R2

|w(x)|2dx =

∫
R2

|u(λx)|2dx =
1

λ2

∫
R2

|u(λx)|2d(λx) = 1,

1∫
R2 |u(x)|2dx

∫
R2

[exp(α|u(x)|2)− 1]dx =

∫
R2

[exp(α|w(x)|2)− 1]dx

and ∫
R2

∥∇w∥2∗dx =

∫
R2

∥λ(∇u)(λx)∥2∗dx =

∫
R2

H(∇u)2dx 6 1.

Set

Ω =

{
u(x) >

(
1− α

γ2

) 1
2
}

and

v(x) =

u(x)−
(
1− α

γ2

) 1
2

, if x ∈ Ω,

0, otherwise.

It is clear that v ∈ W 1,2(R2) has compact support and |supp(v)| . 1
γ2−α . Moreover,∫

R2

H(∇v)2dx 6 1.

By ε = γ2−α
2α > 0, we also have

|u(x)|2 6
(
v(x) +

(
1− α

γ2

) 1
2
)2

6 (1 + ε)|v(x)|2 +
(
1− 1

1 + ε

)−1∣∣∣∣(1− α

γ2

) 1
2
∣∣∣∣2

6 γ2 + α

2α
|v(x)|2 + C.

Hence, we have ∫
R2

[exp(α|u(x)|2)− 1]dx .
∫
R2

|u(x)|2dx+

∫
Ω

exp(α|u(x)|2)dx

. 1 +

∫
Ω

exp

(
α

(
γ2 + α

2α
|v(x)|2 + C

))
dx

. 1 + |supp(v)|+ |Ω|

. 1

(γ2 − α)
.

When α = γ2, we have∫
R2

[exp(γ2|un(x)|2)− 1]dx &
∫ e−

n
2

0

exp

(
γ2

∣∣∣∣( 1

2κ2

) 1
2
(
n

2

) 1
2
∣∣∣∣2)rdr

& e−nen.

Hence,
1

∥un∥22

∫
R2

exp(γ2|un(x)|2)− 1 & e−nen

O( 1n )
→ ∞.
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Now, by α / γ2,∫
R2

[exp(α|un|2)− 1]dx &
∫ e−

n
2

0

[
exp

(
α

γ2
n

)
− 1

]
rdr &

[
exp

(
α

γ2
n

)
− 1

]
e−n.

We note that there exists a large constant M2 independent of α such that for n > M2,

exp

(
α

γ2
n

)
− 1 & e(

α
γ2

)n

as long as α
γ2

> 1
2 .

Hence, ∫
R2

[exp(α|un|2)− 1]dx & e−(1− α
γ2

)n.

Also for α / γ2, we can pick n such that 1 6 (1− α
γ2
)n 6 2, i.e., α ≈ C(1− 1

n )γ2 or n ≈ C 1
1− α

γ2

. Then

1

∥un∥22

∫
R2

[exp(α|un|2)− 1]dx & ne−2 ≈ C

(
1

1− α
γ2

)
, (4.1)

which implies

STM0(α) &
1

γ2 − α
.

The attainability of STM0(α) can be showed by using the same approaches as in [9, 27].

Proof of Theorem 1.2 for β > 0. We perform the change of variables and set v = D2,βu with d = 2
2−β .

Then, by Lemma 2.3, we get∫
R2

exp(α(1− β
2 )|u(x)|

2)− 1

Ho(x)β
dx =

2

2− β

∫
R2

[exp(α|v(x)|2)− 1]dx,∫
R2

|u|2

Ho(x)β
dx =

(
2

2− β

)2∫
R2

|v|2dx

and ∫
R2

H(∇v)2dx 6
∫
R2

H(∇u)2dx 6 1.

Hence, ∫
R2

exp(α(1− β
2 )|u(x)|

2)− 1

Ho(x)β
dx .

∫
R2

[exp(α|v(x)|2)− 1]dx

. 1

(γ2 − α)

∫
R2

|v|2dx

. 1

(γ2 − α)

∫
R2

|u|2

Ho(x)β
dx.

It is easy to check that the sequence wn(x) = D−1
2,βun(x), where (un) is the Moser-type sequence, verifies

that γ2 is sharp. As above, we also have

STMβ(α) &
1

(γN − α)
.

By the same argument, we see that if v is an Ho-radially symmetric maximizer for STM0(α) (by the

above proof and the rearrangement arguments), then u = D−1
2,βv is an optimizer for STMβ(α).
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4.2 The proof of Theorem 1.6

Proof of Theorem 1.6 for β = 0. For any u ∈ C∞
0 (R2) \ {0} satisfying(∫

R2

H(∇u)2dx

) a
2

+

(∫
R2

|u(x)|2dx
) b

2

6 1,

we set

θ =

(∫
R2

H(∇u)2dx

) 1
2

∈ (0, 1).

Hence, ∥u∥b2 6 1− θa. If 1
2 6 θ < 1, then by defining a new smooth function

v(x) =
u(λx)

θ
, where λ =

(1− θa)
1
b

θ
,

we can check that ∫
R2

H(∇v)2dx =
1

θ2

∫
R2

H(∇u)2dx = 1,∫
R2

|v(x)|2dx =
1

θ2
∥u∥22
λ2

6 (1− θa)
2
b

θ2λ2
= 1.

Hence, using Theorem 1.2, we get∫
R2

[exp(γ2|u(x)|2)− 1]dx 6 λ2

∫
R2

[exp(γ2|θv(x)|2)− 1]dx

6 (1− θa)
2
b

θ2

∫
R2

[exp(θ2γ2|v(x)|2)− 1]dx

. (1− θa)
2
b

θ2
1

(γ2 − θ2γ2)

. 1, since b 6 2.

If 0 < θ < 1
2 , then by Theorem 1.2,∫

R2

[exp(γ2|u(x)|2)− 1]dx 6
∫
R2

[
exp

(
θ2γ2

∣∣∣∣u(x)θ

∣∣∣∣2)− 1

]
dx

6
∫
R2

[
exp

(
γ2
22

∣∣∣∣u(x)θ

∣∣∣∣2)− 1

]
dx . 1.

This completes the proof.

Proof of Theorem 1.6 for 0 < β < 2. Again, we perform the change of variables introduced in Subsec-

tion 2.2, and set v = D2,βu with d = 2
2−β . Then, by Lemma 2.3, we get

∫
R2

exp(γ2(1− β
2 )|u(x)|

2)− 1

Ho(x)β
dx =

2

2− β

∫
R2

[exp(γ2|v(x)|2)− 1]dx,∫
R2

|u|2

Ho(x)β
dx =

(
2

2− β

)2∫
R2

|v|2dx

and ∫
R2

H(∇v)2dx 6
∫
R2

H(∇u)2dx.

Hence, ∫
R2

H(∇v)2dx+

(
2

2− β

)2∫
R2

|v|2dx 6
∫
R2

H(∇u)2dx+

∫
R2

|u|2

Ho(x)β
dx 6 1
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and ∫
R2

exp(γ2(1− β
2 )|u(x)|

2)− 1

Ho(x)β
dx .

∫
R2

[exp(γ2|v(x)|2)− 1]dx . 1.

Finally, using the Moser-type sequence, we can verify that γ2 is sharp.

Proof of Remark 1.7. For any 0 < α < γ2 and u ∈ C∞
0 (R2) \ {0} satisfying

∫
R2H(∇u)2dx 6 1, we set

v(x) =

(
α

γ2

) 1
2

u(λx).

Then ∫
R2

|v(x)|2

Ho(x)β
dx =

α

γ2

∫
R2

|u(λx)|2

Ho(x)β
dx =

α

γ2

1

λ2−β

∫
R2

|u(x)|2

Ho(x)β
dx,∫

R2

H(∇v)2dx =
α

γ2

∫
R2

H(∇u)2dx 6 α

γ2
.

Hence, if we choose λ > 0 such that[
α

γ2

1

λ2−β

∫
R2

|u(x)|2

Ho(x)β
dx

] b
2

+

(
α

γ2

) a
2

= 1,

i.e.,

λ =

[ α
γ2

∫
R2

|u(x)|2
Ho(x)β

dx

[1− ( α
γ2
)

a
2 ]

2
b

] 1
2−β

> 0,

then ∫
R2

|v(x)|2

Ho(x)β
dx =

α

γ2

1

λ2−β

∫
R2

|u(x)|2

Ho(x)β
dx =

[
1−

(
α

γ2

) a
2
] 2

b

and (∫
R2

H(∇v)2dx

) a
2

+

(∫
R2

|v(x)|2

Ho(x)β
dx

) b
2

6 1.

Hence,

1∫
R2

|u(x)|2
Ho(x)β

dx

∫
R2

exp(α(1− β
2 )|u(x)|

2)− 1

Ho(x)β
dx

=
α

γ2

1∫
R2

|v(x)|2
Ho(x)β

dx

∫
R2

exp(γ2(1− β
2 )|v(x)|

2)− 1

Ho(x)β
dx

=

α
γ2

[1− ( α
γ2
)

a
2 ]

2
b

∫
R2

exp(γ2(1− β
2 )|v(x)|

2)− 1

Ho(x)β
dx

6
α
γ2

[1− ( α
γ2
)

a
2 ]

2
b

TMa,b,β(γ2).

Hence,

sup
α∈(0,γ2)

[1− ( α
γ2
)

a
2 ]

2
b

α
γ2

STMβ(α) 6 TMa,b,β(γ2).

Noting that the above process can be reversed, we can conclude that

sup
α∈(0,γ2)

[1− ( α
γ2
)

a
2 ]

2
b

α
γ2

STMβ(α) = TMa,b,β(γ2).
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Similarly, we could show that

sup
s∈(0,α)

[1− ( s
α )

a
2 ]

2
b

s
α

STMβ(s) = TMa,b,β(α).

This completes the proof.

Proof of Remark 1.8. Assume that for some b > 2, we have TMa,b,β(γ2) < ∞. Then, similar to the

above, we get

limα↑γ2

[1− ( α
γ2
)

a
2 ]

2
b

α
γ2

STMβ(α) < ∞.

Also, by Theorem 1.2,

limα↑γ2

[1− α
γ2
]

α
γ2

STMβ(α) > 0.

Hence,

limα↑γ2

[1− ( α
γ2
)

a
2 ]

2
b

1− α
γ2

< ∞,

which is impossible if b > 2.

5 The proof of Theorem 1.10

Lemma 5.1. STM0(·) is continuous on (0, γ2). Also, STM0(s) ↓ 0 as s ↓ 0 and STM0(s) ↑ ∞ as

s ↑ γ2.

Proof. From Remark 1.7, we can conclude that STM0(s) ↓ 0 as s ↓ 0 and STM0(s) ↑ ∞ as s ↑ γ2.

Now, fix α ∈ (0, γ2) and let εn ↓ 0. By Theorem 1.2, rearrangement arguments and the scaling invariant

form of STM0, we could find an Ho-radially symmetric non-increasing function un such that∫
R2

H(∇un)
2dx 6 1,

∫
R2

|un(x)|2dx = 1

and

STM0(α+ εn) =

∫
R2

[exp((α+ εn)|un(x)|2)− 1]dx > 0.

Then

0 6 STM0(α+ εn)− STM0(α)

6
∫
R2

[exp((α+ εn)|un(x)|2)− exp(α|un(x)|2)]dx

=

(∫
Ho(x)>R

+

∫
Ho(x)<R

)
exp(α|un(x)|2)[exp(εn|un(x)|2)− 1]dx,

where we will choose R > 0 such that

R2

∫
Ho(x)<1

1dx > 1.

Then

1 =

∫
R2

|un(x)|2dx >
∫
Ho(x)<R

|un(x)|2dx > |un(R)|2
∫
Ho(x)<R

1dx = |un(R)|2R2

∫
Ho(x)<1

1dx

and thus,

|un(x)| 6 1 for all Ho(x) > R.
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Then ∫
Ho(x)>R

exp(α|un(x)|2)[exp(εn|un(x)|2)− 1]dx 6 eα
∫
Ho(x)>R

∞∑
j=1

(εn|un(x)|2)j

j!
dx

6 eα
∫
Ho(x)>R

εne
εn |un(x)|2dx ↓ 0.

Also, for some q ' 1 we have∫
Ho(x)<R

exp(α|un(x)|2)[exp(εn|un(x)|2)− 1]dx

6
[∫

Ho(x)<R

[exp(αq|un(x)|2)− 1 + 1]dx

]1/q[∫
Ho(x)<R

[exp(q′εn|un(x)|2)− 1]dx

]1/q′
6 [STM0(αq) + C(R)]1/q[STM0(q

′εn)]
1/q′ ↓ 0.

Hence, STM0(α + εn) − STM0(α) ↓ 0. Similarly, STM0(α) − STM0(α − εn) ↓ 0. Hence, we can now

conclude that STM0(·) is continuous on (0, γ2).

Lemma 5.2. For 0 < α 6 γ2, if

lim
s↓0

[1− ( s
α )

a
2 ]

2
b

s
α

STM0(s) < TMa,b,0(α)

and

lim
s↑α

[1− ( s
α )

a
2 ]

2
b

s
α

STM0(s) < TMa,b,0(α),

then TMa,b,0(α) can be attained.

Proof. If that is the case, then by Remark 1.7 we could find some s ∈ (0, α) such that

[1− ( s
α )

a
2 ]

2
b

s
α

STM0(s) = TMa,b,0(α).

Let u be the optimizer for STM0(s), i.e.,∫
R2

H(∇u)2dx 6 1,

∫
R2

|u(x)|2dx = 1

and

STM0(s) =

∫
R2

[exp(s|u(x)|2)− 1]dx.

Then, using the same arguments as in the proof of Remark 1.7, we can verify that

v(x) =

(
s

α

) 1
2

u(λx)

with

λ =

[ s
α

[1− ( s
α )

a
2 ]

2
b

] 1
2

> 0

is a maximizer for TMa,b,0(α).

Proof of Theorem 1.10 for α < γ2. When α < γ2, it is easy to see that

lim
s↑α

[1− ( s
α )

a
2 ]

2
b

s
α

STM0(s) = 0 < TMa,b,0(α).
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We now show that

lim
s↓0

[1− ( s
α )

a
2 ]

2
b

s
α

STM0(s) = α.

Indeed, let sn ↓ 0 and Ho-radially symmetric non-increasing functions un be such that∫
R2

H(∇un)
2dx 6 1,

∫
R2

|un(x)|2dx = 1

and

STM0(sn) =

∫
R2

[exp(sn|un(x)|2)− 1]dx

= sn +

∫
R2

∞∑
j=2

(sn|un(x)|2)j

j!
dx

6 sn +

∫
R2

sn|un(x)|2[exp(sn|un(x)|2)− 1]dx.

By Hölder’s inequality, the Sobolev embeddings and the fact that STM0(s) ↓ 0 as s ↓ 0, we get∫
R2

|un(x)|2[exp(sn|un(x)|2)− 1]dx → 0

as sn ↓ 0. Hence,

lim
sn↓0

[1− ( snα )
a
2 ]

2
b

sn
α

STM0(sn) = lim
sn↓0

STM0(sn)
sn
α

= α.

Hence, we can now conclude that TMa,b,0(α) is not achieved only if TMa,b,0(α) = α. We also note here

that the mapping

α 7→ TMa,b,0(α)

α

is nondecreasing. As a consequence, there exists some αa,b,0 > 0 such that TMa,b,0(α) cannot be attained

for all 0 < α < αa,b,0 and TMa,b,0(α) is achieved for all αa,b,0 < α < γ2.

Now, if a > 2, we will show that αa,b,0 = 0 by showing that TMa,b,0(α) > α for all 0 < α < γ2. Indeed,

let us choose a smooth function v ̸= 0 such that
∫
R2 |v(x)|2dx = 1 and set vt(x) = t

1
2 v(t

1
2x). Then∫

R2

H(∇vt)
2dx = t

∫
R2

H(∇v)2dx,

∥vt∥p = t
p−2
2p ∥v∥p.

Also, for each t > 0, we could find some ct > 0 with ut = ctvt such that(∫
R2

H(∇ut)
2dx

) a
2

+

(∫
R2

|ut|2dx
) b

2

= cat t
a
2

(∫
R2

H(∇v)2dx

) a
2

+ cbt = 1.

By the implicit function theorem,

c′t =
−a

2 c
a
t (
∫
R2H(∇v)2dx)

a
2 t

a
2−1

bcb−1
t + aca−1

t t
a
2 (
∫
R2H(∇v)2dx)

a
2

.

It is also clear that ct ↑ 1 as t ↓ 0. Then

TMa,b,0(α) >
∫
R2

[exp(α|ut(x)|2)− 1]dx

> αc2t

(
1 +

α

2
c2t t∥v∥44

)
→ α as t ↓ 0.
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We have that when a > 2,

L′
t = 2ctc

′
t +

α

2
c4t∥v∥44 + 2αc3t c

′
tt∥v∥44

= (2ct + 2αc3t t∥v∥44)
−a

2 c
a
t (
∫
R2H(∇v)2dx)

a
2 t

a
2−1

bcb−1
t + aca−1

t t
a
2 (
∫
R2H(∇v)2dx)

a
2

+
α

2
c4t∥v∥44

→ α

2
∥v∥44 > 0 as t ↓ 0.

Thus, since Lt → 1 as t ↓ 0, we get

Lt = c2t

(
1 +

α

2
c2t t∥v∥44

)
> 1 as t ' 0.

Hence, in the case a > 2, TMa,b,0(α) > α, so αa,b,0 = 0. That means that TMa,b,0(α) can be achieved

for all 0 < α < γ2. The same arguments hold (i.e., TMa,b,0(α) can be attained) when a = 2 and

γ2 > α >
4

b

1

B2
,

where

B2 = sup
∥v∥44

(
∫
R2H(∇v)2dx)∥v∥22

.

Another way to deal with this situation is that in this case, it is enough to show that there exists some

s > 0 such that

STM0(s) >
s
α

[1− ( s
α )

a
2 ]

2
b

α =
s

[1− ( s
α )

a
2 ]

2
b

.

Indeed, it is easy to see that

STM0(s) > s+
s2

2
B2,

so we need to show that there is s > 0 such that

s+
s2

2
B2 > s

[1− ( s
α )

a
2 ]

2
b

.

That means

B2 > 2

s

1− [1− ( s
α )

a
2 ]

2
b

[1− ( s
α )

a
2 ]

2
b

.

Noting that when a > 2,

lim
s↓0

2

s

1− [1− ( s
α )

a
2 ]

2
b

[1− ( s
α )

a
2 ]

2
b

= 0,

we can conclude that such an s exists. When a = 2, we have

lim
s↓0

2

s

1− [1− ( s
α )

a
2 ]

2
b

[1− ( s
α )

a
2 ]

2
b

=
4

b

1

α
.

Hence, in this case, we are able to choose s > 0 if B2 > 4
b
1
α .

When a 6 2, we will show that αa,b,0 > 0, i.e., TMa,b,0(α) cannot be achieved when α is small enough

(and hence TMa,b,0(α) = α). To prove this fact, it is enough to show that for α ' 0,∫
R2

[exp(α|u(x)|2)− 1]dx < α for all u :

(∫
R2

H(∇u)2dx

) a
2

+

(∫
R2

|u|2dx
) b

2

6 1.

We first note that by definition, for any γ ∈ (0, γ2),∫
R2

[
exp

(
γ

∣∣∣∣ u

∥H(∇u)∥22

∣∣∣∣2)− 1

]
dx 6 STM0(γ)

∥u∥22
∥H(∇u)∥22

.
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Hence,

∥u∥2+2k
2+2k 6 STM0(γ)

(k + 1)!

γk+1
∥H(∇u)∥2k2 ∥u∥22 (∀ k > 0)

6 STM0(γ)
(k + 1)!

γk+1
θ2k(1− θa)

2
b ,

where θ = (
∫
R2H(∇u)2dx)

1
2 ∈ (0, 1). Hence,∫

R2

[exp(α|u(x)|2)− 1]dx = α∥u∥22 +
∞∑
k=1

α1+k

(1 + k)!
∥u∥2+2k

2+2k

6 α(1− θa)
2
b + STM0(γ)

∞∑
k=1

α1+k

(1 + k)!

(k + 1)!

γk+1
θ2k(1− θa)

2
b

= α(1− θa)
2
b + STM0(γ)

∞∑
k=1

α1+k

γk+1
θ2k(1− θa)

2
b

= α(1− θa)
2
b + STM0(γ)

α

γ
(1− θa)

2
b

∞∑
k=1

αk

γk
θ2k

= α(1− θa)
2
b + STM0(γ)

α

γ
(1− θa)

2
b

[
1

1− α
γ θ

2
− 1

]
= α(1− θa)

2
b + STM0(γ)

α

γ
(1− θa)

2
b

[
αθ2

γ − αθ2

]
.

So it is enough to choose α such that

STM0(γ)
α

γ
(1− θa)

2
b

[
αθ2

γ − αθ2

]
< α[1− (1− θa)

2
b ],

i.e.,

α <
γ[1− (1− θa)

2
b ]

STM0(γ)
(1−θa)

2
b

γ θ2 + θ2[1− (1− θa)
2
b ]
, ∀ θ ∈ (0, 1).

But this is totally possible since by L’Hôpital’s rule and the fact that a 6 2,

lim
θ→1

γ[1− (1− θa)
2
b ]

STM0(γ)
(1−θa)

2
b

γ θ2 + θ2[1− (1− θa)
2
b ]

> 0

and

lim
θ→0

γ[1− (1− θa)
2
b ]

STM0(γ)
(1−θa)

2
b

γ θ2 + θ2[1− (1− θa)
2
b ]

> 0.

This completes the proof

Proof of Theorem 1.10 for α = γ2 and b < 2. We recall that

sup
α∈(0,γ2)

[1− ( α
γ2
)

a
2 ]

2
b

α
γ2

STM0(α) = TMa,b,0(γ2).

In particular,

sup
α∈(0,γ2)

[1− ( α
γ2
)

a
2 ]

α
γ2

STM0(α) = TMa,2,0(γ2).

Hence, by b < 2, we have

lim
α↑γ2

[1− ( α
γ2
)

a
2 ]

2
b

α
γ2

STM0(α) = lim
α↑γ2

[1− ( α
γ2
)

a
2 ]

2
b

[1− ( α
γ2
)

a
2 ]

[1− ( α
γ2
)

a
2 ]

α
γ2

STM0(α) = 0,
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and by a proof similar to the above one,

lim
α↓0

[1− ( α
γ2
)

a
2 ]

2
b

α
γ2

STM0(α) = γ2.

Hence, we similarly have that TMa,b,0(γ2) can be achieved if TMa,b,0(γ2) > γ2. For example, if a > 2,

TMa,b,0(γ2) can be achieved. TMa,b,0(γ2) can also be attained if a = 2 and

γ2 >
4

b

(
∫
R2H(∇v)2dx)

∥v∥44

(
for some v with

∫
R2

|v(x)|2dx = 1

)
or equivalently,

γ2 > b >
4

γ2

1

B2
.

The case a 6 2 is more interesting. In this situation, we will use a fact that when Ho is the standard

Euclidean norm | · |, TM2,2,0(4π) > 4π (see [26, 55]). Then by the convex rearrangement arguments, we

can get TM2,2,0(γ2) > γ2. We next show that if an ↑ 2 and bn ↑ 2, then

TMan,bn,0(γ2) ↑ TM2,2,0(γ2).

As a consequence, we have TMa,b,0(γ2) > γ2 when (a, b) ≈ (2, 2). Hence, we can claim that TMa,b,0(γ2)

can be achieved when (a, b) ≈ (2, 2). Indeed, for any ε > 0, let u be such that∫
R2

H(∇u)2dx+

∫
R2

|u|2dx = 1

and

TM2,2,0(γ2) <

∫
R2

[exp(γ2|u(x)|2)− 1]dx+ ε.

Since an ↑ 2 and bn ↑ 2, we could find some cn ↑ 1 such that

can

(∫
R2

H(∇u)2dx

) a
2

+ cbn

(∫
R2

|u|2dx
) b

2

= 1.

Then

0 6 TM2,2,0(γ2)− TMan,bn,0(γ2)

6
∫
R2

[exp(γ2|u(x)|2)− 1]dx−
∫
R2

[exp(γ2c
2
n|u(x)|2)− 1]dx+ ε

=

∫
R2

[exp(γ2|u(x)|2)− exp(γ2c
2
n|u(x)|2)]dx+ ε.

Since exp(γ2|u(x)|2)− exp(γ2c
2
n|u(x)|2) → 0 a.e.,

0 6 exp(γ2|u(x)|2)− exp(γ2c
2
n|u(x)|2) 6 exp(γ2|u(x)|2)− 1 ∈ L1

and ε is arbitrary, we can conclude that TM2,2,0(γ2)− TMan,bn,0(γ2) ↓ 0.

Remark 5.3.

lim
s↓0

[1− ( s
α )

a
2 ]

2
b

s
α

STM0(s)

is actually the vanishing phenomenon of TMa,b,0(α) in the sense of [19, 26]. Similarly,

lim
s↑α

[1− ( s
α )

a
2 ]

2
b

s
α

STM0(s)

is the concentration alternative for TMa,b,0(α). Hence, it can be seen from the above proofs that in the

subcritical cases (i.e., α < γ2 or α = γ2 and b = N), the concentration situation cannot occur.
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6 Affine Trudinger-Moser type inequalities

In this section, we will apply our results for suitable Finsler norms to get the affine versions of the

Trudinger-Moser type inequalities. Thus, we provide a different approach to the results in [13].

6.1 Brunn-Minkowski theory

We recall here some background material from the Brunn-Minkowski theory of convex bodies. The

interested reader can refer to [46,47,58] and the references therein.

A convex bodyK ⊂ RN is a convex compact subset of RN with nonempty interior. Its support function

is defined as hK(x) = supy∈K⟨x, y⟩. We also define the gauge ∥ · ∥K and radial rK(·) functions as

∥x∥K = inf{λ > 0 : x ∈ λK},
rK(x) = sup{λ > 0 : λx ∈ K}.

It is obvious that ∥x∥K = 1
rK(x) .

For K ⊂ RN , we also define its polar body by

Ko = {x ∈ RN : ⟨x, y⟩ 6 1 for all y ∈ K}.

Hence, hK = rKo . We also have

|K| = 1

N

∫
SN−1

rNK(x)dx =
1

N

∫
SN−1

∥x∥−N
K dx.

For each λ ∈ [0, 1], the general Lp centroid body of K is the convex body

Γλ,pK = (1− λ)Γ+
p K + λΓ−

p K,

where Γ−
p K = Γ+

p (−K). Here, Γ+
p K is the asymmetric Lp centroid body of K that is defined by

hp

Γ+
p K

(x) =
1

αN,p|K|

∫
K

⟨x, y⟩p+dy,

αN,p =
ωN+p−2

(N + p)ωNωp−1
.

Hence, we get

hp
Γλ,pK

(x) =
1

αN,p|K|

∫
K

[(1− λ)⟨x, y⟩p+ + λ⟨x, y⟩p−]dy.

Here, ⟨x, y⟩+ = max{⟨x, y⟩, 0} and ⟨x, y⟩− = max{−⟨x, y⟩, 0}.
We mention here the Lp Busemann-Petty centroid inequality |Γλ,pK| > |K|. The equality occurs if

and only if K is an origin-centered ellipsoid. This affine isoperimetric inequality was first investigated

in [48] to generalize the classical Busemann-Petty centroid inequality by Petty [53].

Now, we define the general Lp affine energy for f ∈ W 1,p(RN ) by

Eλ,p(f) = cN,p

(∫
SN−1

(∫
RN

[(1− λ)(∇f(x) · σ)p+ + λ(∇f(x) · σ)p−]dx
)−N

p

dσ

)− 1
N

,

cN,p = (NωN )
1
N

(
NωNωp−1

ωN+p−2

) 1
p

.

Here,

0 6 λ 6 1, (∇f(x) · σ)+ = max{∇f(x) · σ, 0} and (∇f(x) · σ)− = max{−∇f(x) · σ, 0}.

It can be noted that when λ = 1
2 , E 1

2 ,p
(f) is the Lp affine energy Ep(f) introduced in [13] while E0,p(f)

is exactly the asymmetric Lp affine energy E+
p (f) studied in [24].
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6.2 Affine Trudinger-Moser type inequalities from Finsler Trudinger-Moser type inequal-

ities

Now, fix f ∈ C∞
0 (R2). We will use the following Finsler norms:

Hf (x) =

[∫
S1

∥y∥−4
2,λ,f [(1− λ)⟨x, y⟩2+ + λ⟨x, y⟩2−]dy

] 1
2

,

∥x∥p,λ,f =

[∫
R2

[(1− λ)⟨x,∇f(y)⟩2+ + λ⟨x,∇f(y)⟩2−]dy
] 1

2

.

We also set

Kλ,2(f) = {x : Ho
f (x) 6 1},

Lλ,2(f) = {x : ∥x∥2,λ,f 6 1}.

We note that ∫
R2

H(∇f(x))2dx =

∫
R2

∫
S1

∥y∥−4
2,λ,f [(1− λ)⟨∇f(x), y⟩2+ + λ⟨∇f(x), y⟩2−]dydx

=

∫
S1

∥y∥−4
2,λ,f

∫
R2

[(1− λ)⟨∇f(x), y⟩2+ + λ⟨∇f(x), y⟩2−]dxdy

=

∫
S1

∥y∥−2
2,λ,fdy

= 2|Lλ,2(f)| =
(
Eλ,2(f)
c2,2

)−2

.

Moreover, from

h2
Kλ,2(f)

(x) =

∫
S1

∥y∥−4
2,λ,f [(1− λ)⟨x, y⟩2+ + λ⟨x, y⟩2−]dy

= 4

∫
S1

∫ ∥y∥−1
2,λ,f

0

[(1− λ)⟨x, y⟩2+ + λ⟨x, y⟩2−]r3drdy

= 4

∫
Lλ,2(f)

[(1− λ)⟨x, y⟩2+ + λ⟨x, y⟩2−]dy

= 4α2,2|Lλ,2(f)|h2
Γλ,2Lλ,2(f)

(x),

we can deduce that

Kλ,2(f) = [4α2,2|Lλ,2(f)|]
1
2Γλ,2Lλ,2(f).

Thus, by the L2 Busemann-Petty centroid inequality |Γλ,2Lλ,2(f)| > |Lλ,2(f)|, we obtain

|Kλ,2(f)| > 4α2,2

(
1

2

(
Eλ,2(f)
c2,2

)−2)2

. (6.1)

The equality occurs when Lλ,2(f) is an origin-centered ellipsoid.

Hence,

κ2 = |Kλ,2(f)| > 4α2,2

(
1

2

(
Eλ,2(f)
c2,2

)−2)2

and ∫
R2

H(∇f(x))2dx =

(
Eλ,2(f)
c2,2

)−2

= 4α2,2

(
1

2

(
Eλ,2(f)
c2,2

)−2)2
1

α2,2

(
Eλ,2(f)
c2,2

)2
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6 κ2

E2
λ,2(f)

ω2
. (6.2)

Hence, by Theorem 1.2, we obtain for 0 6 α < 4ω2,

sup
f∈C∞

0 (R2),E2
λ,2(f)61

1∫
R2 |f(x)|2dx

∫
R2

[exp(α|f(x)|2)− 1]dx < ∞.

We also note that with a mild modification in the proof of Theorem 1.6, we get that for τ > 0, a > 0 and

0 < b 6 2,

sup
(
∫
R2H(∇u)2dx)

a
2 +τ(

∫
R2 |u(x)|2dx)

b
2 61

∫
R2

[exp(γ2|u(x)|2)− 1]dx < ∞.

Hence, using (6.2) and a simple argument, we can deduce that

sup
(E2

λ,2(f))
a
2 +(

∫
R2 |f(x)|2dx)

b
2 61

∫
R2

[exp(4ω2|f(x)|2)− 1]dx < ∞.
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