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Abstract The first aim of this article is to study the sharp singular (two-weight) Trudinger-Moser inequalities
with Finsler norms on R2. The second goal is to propose a different approach to study a vanishing-concentration-
compactness principle for the Trudinger-Moser inequalities and use this to investigate the existence and the
nonexistence of the maximizers for the Trudinger-Moser inequalities in the subcritical regions. Finally, by
applying our Finsler Trudinger-Moser inequalities to suitable Finsler norms, we derive the sharp affine Trudinger-
Moser inequalities which are essentially stronger than the Trudinger-Moser inequalities with standard energy of

the gradient.
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1 Introduction

Studying sharp versions and extremal functions of geometric and functional inequalities has been the main
subject of many mathematicians. This line of research plays important roles in several problems arising
in the calculus of variations, partial differential equations, geometry, etc. Among those inequalities, the
Sobolev-type inequalities are probably one of the most important and frequently used inequalities in the
literature.

To study the prescribed Gauss curvature problem on the two-dimensional sphere S?, Moser [51] studied
an exponential Sobolev-type inequality on S? with an optimal constant and a sharp limiting Sobolev
inequality, namely the embedding W, M) c L, (), where L () is the Orlicz space associated with
the Young function

() = exp(a |tV N7Y) —1

for some a > 0 on any finite-measure domain € in the Euclidean space RY. The latter one has been
set up without its best form independently by Yudovich [63], Pohozaev [54] and Trudinger [60]. This
embedding can be considered as the sharp border-line Sobolev inequality because it provides information
on the optimal target space for the Sobolev embedding in the limiting case. Indeed, it is well known that
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Wy (Q) € LI(Q) for 1 < g < p* = % when p < N and Wy (Q) € L(R) for 1 < ¢ < co when p = N
but Wy N (Q) & L>®(Q).
Using the symmetrization arguments, Moser [51] proved the following theorem.
Theorem A. Let Q be a domain with finite measure in the Euclidean N -space RN (N > 2). Then we
have
sup 1 / [exp(aN\u|%) —1]dz < (1.1)
weWy N (Q): [, IVu|NVdz<1 €2 Jo

1
with the optimal constant any = Nwy |, where wy_1 is the area of the surface of the unit N-ball.

The constant oy = Nwy, ] is optimal in the sense that if we replace ay by any number a > ay, then

the above supremum is infinite. Actually, it can be checked that the constant a is indeed sharp in the
following sense:

sup exp(ozN|u|%)|u|adx =00, Ya>0
uEWULN(Q):fQ [VulNdz<1

N-1
1 1/N n N 0<||<7£
N ’ X’ x€E N,
WN-1 N

i) = ( al )1/N10g<1)7 e <l <1, 2

WN_1N ||
0, |z| > 1.

L
‘Q| Q

by using the Moser-type sequence

The approach in [51] is the following classical Schwarz rearrangement argument: every function u > 0
is associated with a radially symmetric function u# such that the sublevel-sets of u# are balls with the
same area as that of the corresponding sublevel-sets of u. Moreover, u# is a positive and non-increasing
function defined on Br(0), where |Br(0)| = |€2|. Hence, by the layer cake representation, we have

flwdx = / f(u?)dz
Q Br(0)

for any function f that is the difference of two monotone functions. In particular, we obtain

el = Tl

/exp(a|u ﬁ)dm:/ exp(alu®
Q Br(0)

Moreover, the well-known Pélya-Szegd inequality

/ \Vu#|pdx</|Vu|pdx (1.3)
Br(0) Q

plays a crucial role in the approach of Moser [51].

It can be clearly seen that the Trudinger-Moser inequality (1.1) becomes meaningless on domains of
infinite volume. Thus, it becomes interesting and nontrivial to extend such inequalities to infinite-measure
domains. In this direction, we state here the following three such results in the Euclidean spaces that
could be found in [1,3,18,25,36,38,40,43] and [49,55] among others.

Theorem B. Let 0 << N and 0 < a < ay. It holds that

1 1) N dx
STM(e, B) := sup 7_/ ON (a (1 - ) |l Nl) < 00, (1.4)
weW LN @N )| Vul <t ul| NP Jr N ||

d
TM(8) i= sup [ o (aN (1 - ﬁ)w “1)% < o0, (15)
WEW LN (RN ):|[Vul| N+ [lul Y <1 /RN N ||

1) dr.

2|
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N
wp 1 on(an(l = )u|¥T) do
wewt N @V ) Vuln<t Jully 7 SRy (14 o PRy 2lf

TME() := (1.6)

Here,

Moreover, the constant apn is sharp.

It was also showed in [9,38] that (1.4) and (1.5) are indeed equivalent. Moreover, Lam et al. [38]
studied the asymptotic behavior of STM(«, 5) and the relation between STM(«, 8) and TM(5). We
note here that the approaches in [1, 3, 25,43, 49, 55] rely on symmetrization arguments, namely the
Schwarz rearrangement, which are not available in many settings. In [22,34, 35, 38|, the authors used
rearrangement-free arguments to prove that for 0 < 8 < N and a,b > 0, TM,; g(a) < oo if and only if
a < ayorb< N and o = ay. Moreover, the inequality is sharp in the sense that TM, ; g(«) is infinite
if and only if @ > any or b > N and o = ay. Here,

dx
)i

TMGJ%B(O‘) = sup / ON (OL <1 — 6) |u| NoT
WEW LN (RN )| Vul|, +[ull <1 /RN N

In this sense, we can say that the Trudinger-Moser inequality is subcritical if & < ay or b < N and

o = QnN.
By the extremal functions of the Trudinger-Moser type inequalities, the first important result was set
up by Carleson and Chang in the celebrated work [8]. More precisely, they proved that the supremum

sup L/ exp(ozN|u|%)dx
u€Wy N (Q), [, |VulNdz<1 2 Jo

can be achieved when (2 is a Euclidean ball. This result came as a surprise because it has been known

that the Sobolev inequality does not have extremal functions supported on any finite ball. Subsequently,

the existence of extremal functions has been established in other settings such as arbitrary domains

in [12,15,23,44] and Riemannian manifolds in [41,42,45].

It is worth mentioning that when there is the presence of weights on both sides of the inequalities, the
Schwarz rearrangement is not applicable, even on the Euclidean spaces. Thus, it is interesting to study
the Trudinger-Moser inequalities in such cases. In this direction, Dong et al. [20] proved, among other
results, that for any a < ay and 0 < S < N,

By ) 4 < [ 4o
fow (“(“N)'“' >|x|ﬁ5/g|x|ﬁ (1)

/ |Vu|Ndz < 1.
Q

for all u € W™ (Q) such that

Again the constant ay is sharp. The interesting part is that since the weight ﬁ appears on both sides of

the inequality (1.7), the classical Schwarz rearrangement procedure is not available. Hence, in [20], Dong
et al. used a suitable quasiconformal transform to reduce the singular case to the non-weighted case.
This extends the results in [2], where Adimurthi and Sandeep used the Schwarz rearrangement to study
an interpolation between Moser’s inequality and the Hardy inequality in the singular case 0 < f < N:

1 d
sup 5 / exp <a <1 — B) |u|NN1>xB < ¢ (1.8)
uGWOI’N(Q):fQ|Vu|Nd93<1 |Q|17W Q N |.13|

for any a < ay. Indeed, it is clear that

/ di < |Q‘1—%_
q |z]?
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Hence, (1.7) is an improvement of (1.8). In fact, (1.7) is essentially stronger than (1.8) since the ratio

Jo 25 . . . .
91‘7‘”‘2 is not uniformly bounded from below by any positive constant, as €2 ranges in the set of finite-
o "~

volume domains.

For the applications of such inequalities to geometric analysis and nonlinear PDEs, please refer to, for
example, Chang and Yang [10] and De Figueiredo et al. [16].

The Trudinger-Moser type inequalities with Finsler norms have also been investigated in [61,64], among
others. It is worth mentioning that Finsler geometry, which encompasses Riemannian, Euclidean and
Minkowski geometries as special cases, has received much attention over the last two decades because of
its functions in various fields of science such as continuum mechanics of solids [14], electromagnetism [7],
information geometry [59] and quantum information processing [56]. One of the most prominent examples
of Finsler geometry is the anisotropic Euclidean space, i.e., the Euclidean space endowed with a Finsler
norm. The importance of such a geometrical context can be found in, for example, the seminal work [62]
where Wulff reported classical experiments on crystal growth and stated his principal conclusions in-
cluding the celebrated Wulff’s theorem. Actually, many studies have been devoted to extending classical
results to such a geometrical setting. We also mention that many other types of functional inequalities
with Finsler norms have been investigated in the literature (see, for example, [4,17,50,57]).

The main goal of this article is to study optimal versions as well as the optimizers for the Trudinger-
Moser inequalities on R? endowed with a Finsler norm. Our motivation is the possible applications of
such inequalities to PDEs involving the Finsler-Laplacian, which is a generalized Laplacian.

Let H be a Finsler norm on R? and H° be its polar function (see Section 2 for definitions and
properties). We can assume without loss of generality that the convex closed set K = {H(z) < 1} has
measure | K| = wy and set ko = [{H°(x) < 1}|. Our first main result is the Trudinger-Moser inequality
on the finite-measure domain with the Finsler norm in the spirit of Moser [51].

Theorem 1.1.  Suppose 0 < 8 < 2 and o = 4ka. Then there exists a constant C = C(8) > 0 such
that for every u € WH2(R?) with 0 < |[supp(u)| < 0o and [p, H(Vu)?dr < 1,

exp(12(1 — 5)lu(z)[?) — 1
/RQ Ho(w)? d:céC(ﬂ)/

supp(u)

1

Ho(x)ﬁdx'

Moreover, the constant v, is sharp.

We note that the nonsingular case § = 0 was studied in [61,64] by using the convex symmetriza-
tion argument. The attainability of the nonsingular case was also investigated in [65]. However, when
B > 0, the convex rearrangement technique cannot be applied. In this situation, we will use a suitable
quasiconformal mapping as in [20,21,33,37,52] to reduce the problem to the non-weighted case.

Using the same idea, we also study the following two-weight Finsler Trudinger-Moser inequalities on
domains of infinite measure.

Theorem 1.2.  Suppose 0 < <2 and 0 < o < 2. It holds that

1 1-8 2y 1
STMjg(a) := sup B / explald = Plu@P) =1,
Fdx JR2

uGCgO(Rz)ifRZH(Vu)2dI<1 fR2 JL}LD(:(EQ)

2 is sharp. Moreover, STMg(a) can be attained.
Remark 1.3. We will actually prove that when o S 7o,
1
(72 — ) (v2 —a)
Here, a < b means that ¢ < b and b — @ is small enough. Also, a < b means that there is a universal
constant C' > 0 such that a < Cb.

S STMg(a) S

Remark 1.4. By the Caffarelli-Kohn-Nirenberg inequality [6], we have

/RZ gf(xx);dx < < ]RQH(Vu)zdx) g( R2|u(az)2dw>1

[N]]e)
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Hence, we get the following Trudinger-Moser inequality as a consequence of our result Theorem 1.2:

1 exp(a(l — 9)lu(z)?) — 1
s

o (z)P dx < oo.

UEW2(R?): [o2 H(Vu)?da<1 Hu”§76

Remark 1.5. It can be deduced from the proof that in the case 8 > 0, the maximizers for STMg(«)
must be H°-radially symmetric.

Theorem 1.6. Suppose 0 < < 2,a>0 and 0 < b < 2. Then there exists a constant

C =C(a,b,B) >0

such that Vu € C§°(R?) satisfying ([ H(Vu)?dz)2 + ([g. 1‘;0(2)‘2 dz)% <1,

/ Pl @) =1, oy g
]RN

He(x)?
Moreover, the constant v, is sharp.
Actually, using the same approach as in [28,38], we will also prove the following results.
Remark 1.7. Let

1— ﬁ 2\ _ 1
TMap,5(a) = sup ./’exp(a( }{fﬂuéxﬂ ) .
(oo H(Vu)2d2)§ +(fpo 112 ) 3 <1 B ()
We will also show the following identity:
1—(2)5]%
sup %STM[;(S) = TMa,b,B(Oé)~
s€(0,a) o

Remark 1.8.  Actually, the condition b < 2 is optimal in the sense that TM, ; 5(72) is infinite if (and
only if) b > 2.
Remark 1.9. Again, in the case 8 > 0, the optimizers for TM, ; g(«), if they exist, must be H°-

radially symmetric.

The next purpose of this article is to investigate the existence and nonexistence of maximizers for
TM,,p,0(+) in the subcritical case, i.e., @ < 3 or a = 72 and b < 2. More precisely, using the relation in
Remark 1.7 and combining the ideas in [11,29-32,39], we would like to show the following theorem.

Theorem 1.10.  Suppose a,b > 0. There exists cgp0 = 0 such that TM, . 0(c) cannot be attained for
all 0 < a < agpo and TM, po(@) is achieved for all agpo < a < 7y2. Moreover, g b0 = 0 when a > 2
and g p0 > 0 when a < 2. Also, there exists an optimizer for TMg p.0(72) whenb <2 <a orb g2~ a.

Remark 1.11. Theorem 1.10 is actually still available when 8 > 0. However, for the sake of simplicity,
we will just consider in this paper the nonsingular case 5 = 0.

Finally, we note that our results can be generalized to the N-dimensional case. We choose to work
on R? just for simplicity.

2 Preliminaries

2.1 The Finsler norm

In this subsection, we briefly recall the definitions of the Finsler norm and its polar function and their
properties. A nonnegative function H € C?(R™\ {0}) is a Finsler norm if it is strictly convex and satisfies
the following two features: there exist positive constants «, 8 > 0 such that for all € RY and A € R,

H(Az) = [A|H (2),
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alz| < H(z) < Blz|.

The polar function H® is defined as follows: for all z € RV,

-y
H°(zx)= sup
yern\foy H(y)

Actually, H° is a convex, continuous function on RY and for all z € RY and X € R,
H°(Ax) = [A[H(z),

1 1
B|5f| < H°(z) < E|$|'

Moreover, for all z € RV,

=(H°)?x)= su Ty
H(z) = (H°)"(x) N T

Proposition 2.1. Let H be a Finsler norm and H° be its polar function on RY. For x € RN \ {0}
and t # 0, we have
(1) VH(z) -z = H(x) and VH(x) -1 = H*(x);
(2) (VH)(t )Z (Vv )( ) and (VH?)(tz) = 1 (VH?)(x);
(3) H(VH(z ))21 He(VH(x));
(4) H*(z)(VH)(VH®(z)) =« = H(2)(VH?)(VH(z)).

2.2 The convex rearrangement

In this subsection, we will introduce the convex rearrangement studied by Alvino et al. [5]. We can
assume without loss of generality that the convex closed set K = {H(x) < 1} has measure |K| = ws. We
will say that H is the gauge of K. Of course, H° is the gauge of K° = {H°(z) < 1}. We say that K
and K° are polar to each other. Let ko = |K°|.

Denote by p,, the distribution function of a nonnegative function u, given by

po(t) = {z s u(z) >t} fort>0
and let u* be the decreasing rearrangement of u defined by
u*(s) = sup{t : pu(t) > s}, s € (0,|suppul).
Then we define the convex rearrangement of w:
u* (x) = u* (k2| H(2)[%).

We note that when H is the regular Euclidean norm |- |, then u* = u#, where u# is the spherical
rearrangement of u. By the properties of the decreasing rearrangement u*, we have that for every
continuous increasing function ¥ : [0, 00) — [0, 00),

/]R2\I/(u)dm = /()Ooxy(u*(t))dt _ /R2‘I’(U*)dx.

We also have for u € C§°(R?),
HP(Vu)dx > / (=4l (8) P (25 ()1 12 Pt
R2 0

One also has

)i = [ (a0 e (0 (21)
R2 0
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Hence, we get the following Pdlya-Szegd principle:
HP(Vu)dr > | HP(Vu*)dz, Yuec W'P(R?), p>1.
R2 R2

Also, it is clear from (2.1) that

p 12 1/p
( Hp(Vu*)dx) = ?/2 (/ Vu#|pdx> .
R2 Wy R2

We also have the Hardy-Littlewood inequality

/ f@)g(@)dz < / 1* (@)g* (2)dz
]RZ

R2

for nonnegative functions f and g vanishing at infinity.

2.3 A useful transform

8

Let 0 < 8 < 2. We now define the vector-valued function L 5 : R? — R? by Lo s(z) = H(z)* Pz

Jacobian matrix of this function Lg g is
5
Jp,, = H(2)7 71y + A,
where

%H"(w)%xgmf 2%H"(ac) 7 Toxd

8 o 28-2 N 8 o 28-2 .
A= (HH (x) 277 zia] 575 H(x)>7 x1x2>

Here, we let * = VH(z). Then

det(Nl — A) = A2 — —D_po(z)2% .
2-p
Choosing A = —H”(x)%, we get
o L 2 o 2[—3
det(JLzyﬁ) = det(—H (13) 2-p ]12 - A) - mH (l’) 2-8
Hence, we have
2 o 2.8
det(JLzyﬂ) = mH (x) 2-8

We now define mappings D5 g by

We also define D, }; by

Actually,

D; bu(z) = (238>%u(Ho(x)_§x).

Then, we have the following results whose proofs can be found in [37].

Lemma 2.2.  The equality in the Cauchy-Schwarz inequality occurs, i.e., for a.e. x € R2,
&+ Vu(@)| = H* (@) H(Vu(x))

if and only if u is H°-radial, i.e., u(x) = u(y) if H°(x) = H°(y).

1809

. The

(2.3)
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Lemma 2.3. (1) For a measurable function f, we have

f((ZEB)%u(x)) 2
e H@P T 3-3 /R F(D2pu(z))dz.

In particular, we obtain u € L%ﬁ) if and only if Dy gu € L*(dx).
(2) If Vu € LP(dx), then VD3 gu € LP(dx). Moreover,

H(V(Ds gu)(z))Pdr < H(Vu(z))Pde.
R2 R2

The equality occurs if and only if u is H®-radial.
2.4 The Moser-type sequences

Motivated by the Moser sequence in [51], we will consider the following Finsler-Moser sequences:

0, / Ho(x) > 1,
1/2
o= (o) () o F << (2.4)

1 1
1 \2/n\2 n
N _ OgHO <e 2
(2"62) <2) 7 (I) ¢

in order to verify the sharpness of the constants in the Finsler Trudinger-Moser type inequalities.
We have

H(Vun () = |v,(H*())],

where
0, r=1,
1/2
— 1 - 2 1
) (m> 0g< ) e <r<l, .
RIS

— n , 0<r<e ?

2,‘4}2 2
Hence,

1
H(Vuy)*dr = 2/12/ —7r " %rdr =1
R2 e~ 2 RKan

Also,

forrae=sel [ () () Trare [y [(a) e ()] o] =0 3)

3 Trudinger-Moser inequalities on domains of finite measure with arbitrary
norms—the proof of Theorem 1.1

n
2

Case 1. [ =0. By [pH(Vu*)2dz < [, H(Vu)?dz < 1, we first have

/ fexp(alu(z)?) — 1)dz = / fexp(alec* (2)[2) — 1]de
R2 RQ

|u# ()]
< _ 17\ )
< /]R2 {exp <47rfR2Vu#|2dx 1|dx

< C|supp(u)|.
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Here, we used the fact that

|suppu| = [suppu*| = |suppu|.

Case 2. 0 < B < 2. We first note that in this case, since the weight appears on two sides of
the inequality, the theory of the convex rearrangement in Subsection 2.1 is not available here. In this
case, we will perform the transform introduced in Subsection 2.2. For any u € W12(R?) satisfying
fRzH(Vu)2das < 1, we define v = Dy gu. Then, by Lemma 2.3, we get

exp(p(l~ D@ -1 2 -
/]RQ Ho(x),ﬁ dx = 9 _ ﬁ~/]R? [exp(’yﬂv(x)\ ) 1]dlC,

1 2
dr = ldx
/supp(u) He(z)? 2 = B Jsupp(v)

and
H(Vv)ldz < [ H(Vu)?dr < 1.
R2 R2
Hence,
/ o020 3o - Lir = 2 / [exp(y2|v(z)[?) — 1]da
R2 Ho(lf)ﬁ 2 — ﬂ R2 PL72
1
< C(ﬁ)/ lde < C(ﬁ)/ g
supp(v) supp(u) HO(I)ﬂ

Since ap = 4w is sharp when H° is the regular Euclidean norm | - |, it is easy to see that -9 is sharp.

Another way to see that s is the best constant is to use the Moser-type sequence (u,) and
wp(x) = D;éun(x)

Indeed, by 8 =0 and a > s,

/Rz [exp(afun (2)[*) - 1]dz > 2,-;2/005 [exp (a (222) : (;l) 2) _ 1] i

@
P [exp (n) —1]6”—)00 as n — 0.
Y2

1
2

Also, for 5 > 0, by wy(z) = Diéun(x), we also have

H(Vw,)?dr = | H(Vu,)*dz =1,
R2 R2

1
————dx < / ldx
/supp(wn) He(z)? supp(un)

/ exp(a(l — §)|wn(9€)|2) -
2 He(z)P

and

1
da > / fexp(a|un (2)[2) — 1]dz — 0o,
R2
4 Trudinger-Moser inequalities on domains of infinite measure—proofs of
Theorems 1.2 and 1.6
4.1 The proof of Theorem 1.2

Proof of Theorem 1.2 for 3 =0. It is enough to consider a < y2. Let u € C§°(R?) \ {0}, v > 0 and

H(Vu)?dr < 1.
R2
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Without loss of generality, we can assume that [p,|u(z)*dz = 1. Indeed, set

1/2
wz) = u(hz), A= (/ u(x)|2dac> > 0.
R2
Then it is easy to check that

/|w |da:—/\u)\a:|dx—)\2/ lu(Az)[Pd(\x) = 1,

TP el ) ~ e = [ fexp(afu(r)) ~ s
R? 2

RQ
and
/kuzdx:/ HA(vu)(Ax)Hidx:/ H(Vu)’dr < 1
R2 R2 R2
Set .
% 2
Q=<u(x)>(1-—
{ () ( 72) }
and

1

o(z) = @)~ (1—,(;;)2, if 2w €Q,

0, otherwise.

It is clear that v € W12(IR?) has compact support and |[supp(v)| < Moreover,

NWza

H(Vv)?dx < 1.
R2

By e = % > 0, we also have

mwﬂ<(ww+@—%)32

<(1+e)(@) + (1 - 11+s> i

Y2t
< L=
= 2

1
312

(-3)

lv(z)]? + C.

Hence, we have

ex CVUI’27 X ’U,IZ?2I]C ex O[’LLQS'QI'
[ fesptalut@)P) = 11de 5 [ ju@Pde+ [ explaluta))d

<1 +/ exp (a(WW(aj)g + C))dw
Q 2
S 1+ [supp(v)] + [€]
S
(72 — @)
When a = 75, we have

n
2

e % 2
exp (Y2 |un (2)]?) — 1]dz > exp | 7o 1 n rdr
[exp(V2|un (z)|
R2 0 252 2
Z e—n 3
Hence,
(@) —1> e e .
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NOW7 by « é V2,

/ [exp(a|u,[?) — 1)dz > / [exp (an) - 1} rdr 2 [exp <an> - 1} e "
R? 0 V2 72

We note that there exists a large constant M, independent of « such that for n > Ms,

exp (an> — 1>l
Y2

o 1
as long as - > 5.
Hence,

/ [exp(a|u,|?) — 1)dz > e~ (=3)m,
R2

o

Also for o T 72, we can pick n such that 1 < (1 — E)n <2,ie,axC(l- %)72 or n & Cﬁ' Then

| explalun?) - 1lds 2 ne~? ~ 0(1 fa), (4.1)

13 %

which implies
1

STMQ(Oé) Z .
Y2 @

The attainability of STMg(«) can be showed by using the same approaches as in [9,27]. O

Proof of Theorem 1.2 for B > 0.  We perform the change of variables and set v = Dy gu with d = ﬁ
Then, by Lemma 2.3, we get

[exp(alv(z)[*) — 1)dz,

/ exp(a(l — Hlu(@)>) ~1 2
- He(z)? 2= B Jre

Juf? 2 \* / 2
de = ——— d
@ T \amg) fLlolde

and

/ H(Vv)lde < | H(Vu)?dr < 1.
R2 R2

Hence,

1 Jul?
~ (2 — @) Jre HO(2)?

N

dx.

It is easy to check that the sequence w,(x) = Dy éun(x), where (uy,,) is the Moser-type sequence, verifies
that ~s is sharp. As above, we also have

1

STMﬁ (a) Z m

By the same argument, we see that if v is an H°-radially symmetric maximizer for STMg(a) (by the
above proof and the rearrangement arguments), then u = D /1311 is an optimizer for STMg(w). O
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4.2 The proof of Theorem 1.6

Proof of Theorem 1.6 for 3 =0. For any u € C§°(R?) \ {0} satisfying

(o)’ s (s

1

0= ( RzH(Vu)2dx> e (0,1).

we set

Hence, |Jull$ <1 —6° If <0 < 1, then by defining a new smooth function

A 1—6%)%
v(z) = u(ex)7 where A = %,
we can check that
1
H(Vv)?de = 5 H(Vu)?dr =1,
R2 R?

Ll _ (-0t

2 _
Ll =5 Tt S e T

Hence, using Theorem 1.2, we get

[ lexplaatuta)) ~ 1lde < 52 [ fexp(ral6e(a)) - 1)ds
RQ

RQ
1—6%)%
< %/ fexp(62720(x)[2) — 1)da
R2
_(1—027F 1

02 (72— 0%72)

<1, sinceb <2
Ifo<< %, then by Theorem 1.2,

[ Jexptaluto)) - ds < [ [exp (0%
< [ [ (2"

This completes the proof. O

=

Proof of Theorem 1.6 for 0 < < 2. Again, we perform the change of variables introduced in Subsec-
tion 2.2, and set v = Dy gu with d = ﬁ Then, by Lemma 2.3, we get

xpla(l= D@ =1, 2 [ e
/Rz Ho(z)P dz = 2—ﬁ/Rz[ xp(72|v(z)|7) — 1]d

Juf? ( 2 ) >
der = | —— v|*dx
r2 HO ()P 2—p R2| |

H(Vv)?dr < H(Vu)?dz.
R2 R2

and

Hence,
/ H(V )de+< 2 )2 |?de < | H(Vu)?dz + [uf* dr <1
v e — v < U ——dx <
R2 2 — ﬁ R2 R2 R2 HO(I)ﬂ
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and
exp(ya(l = §)lu(@)?) — 1
/R2 Hoz(x)ﬂ dr < /11%2 [exp(y2|v(z)[?) — 1]dz < 1.

Finally, using the Moser-type sequence, we can verify that -5 is sharp.
For any 0 < o < 2 and u € C§°(R?) \ {0} satisfying [, H(Vu)*dx < 1, we set

O

Proof of Remark 1.7.
v(z) = (a) Eu()\aj).

2
Then
2 2 2
JC P P S O
r2 Ho(2)P Yo Jrz HO ()P Yo A27P Jpa HO ()P
H(Vo)2de = < | H(Vu)?de < 2.
R2 Y2 JR2 V2

Hence, if we choose A > 0 such that

s L]+ (5) -

wle

72 X0
ie.,
a lu(z)|? dx Q%ﬁ
= |:’Yz f]R H;(I);g } > 0,
[1- (g)2] b
then
2 2 27 %
[t e R (2]
g2 HO(x)P Yo A27F g2 Ho(z)P V2
and
E (@) )2
H 2d < 1.
( R2 (Vo) m) +< 2 HO ()P x)
Hence,
1 / exp(a(l — 9)u(@)[?) — 1.
T
ke A
_a 1 / exp(y2(1 — §)[v(@)[?) —1.
92 fya frotayr d e Ho(x)?
LB [ el D1,
[1—(2)8)F Jee He(x)p
< #&TMa,b,ﬁ(W)
[1-(2)5)
Hence,
o \e12
1—(2)%)?
sup ———STMjg(a) < TM, 4 5(72)-
DLG(O,’YQ) %

Noting that the above process can be reversed, we can conclude that

[1—(2)3]¢
sup E— STMB (a) = TM@J”B (")/2).
a€(0,72) Y2
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Similarly, we could show that

- ()]

sup
s€(0,a)

STMﬁ(S) = TMa,b”@ (a)

SICY IS

This completes the proof. O

Proof of Remark 1.8.  Assume that for some b > 2, we have TM, ; g(72) < co. Then, similar to the
above, we get

o212
@)
limg gy, ——a——STMpg(a) < o0.
2
Also, by Theorem 1.2,
lim,, ., L 50 > 0
Y2
Hence,
—(2)8)3
hﬁa'f’yg [ (72a) ] < 00,
1 72
which is impossible if b > 2. O

5 The proof of Theorem 1.10

Lemma 5.1. STM(+) is continuous on (0,72). Also, STMy(s) L 0 as s L 0 and STMy(s) 1 oo as
T 2.

Proof.  From Remark 1.7, we can conclude that STMy(s) | 0 as s | 0 and STMg(s) T oo as s 1 7a.
Now, fix @ € (0,72) and let &, | 0. By Theorem 1.2, rearrangement arguments and the scaling invariant
form of STMg, we could find an H°-radially symmetric non-increasing function u,, such that

H(Vun)2dz < 1, / () 2 = 1
R2 R2

and
STMo(a+€p) = /]R2 [exp((a + € |[un (2)]?) — 1]dz > 0.

Then
0< STMQ(O( + En) — STMQ(O{)

< / fexp((a + &) [t (2)]?) — exp(afun(z) 2))dx
R2

- (/HOWR + /H WR) exp(afun (z)[*)[exp(en |un (x)]?) — 1]dz,

where we will choose R > 0 such that

RQ/ 1dz > 1.
He(z)<1

Then

1 :/ |, ()2 da }/ |t () |2da > |un(R)|2/ ldx = |un(R)|2R2/ ldx
R2 He(z)<R He(z)<R He(x)<1

and thus,
lun(z)| <1 forall H°(x) > R.
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Then

Also, for some ¢ Z 1 we have

[ eplalun@Pexp(enlun @) - 1
He(z)<R
1/q "
< {/HO(zKR[eXP(OzQMn(CL‘ﬂ )—1+ 1]d$] [/}Llo(m)<R[exp(q Enltin (2)]?) — 1]dz
< [STMo(0g) + CLR)/7ISTMo(g'=,)] 7 10

Hence, STMg(a 4 €,,) — STMg(«) J 0. Similarly, STMy(«) — STMg(a — &5,) | 0. Hence, we can now
conclude that STM(-) is continuous on (0, 72). O

Lemma 5.2. For0< a< s, if

i L (i)%]%STM ™

i S TMo(s) < TMapo(a)
and )

1= (2)E]8

lm = STMy () < T p0(c)

then TM, 3 0(@) can be attained.
Proof.  1If that is the case, then by Remark 1.7 we could find some s € (0, «) such that
)8]%

0= GO ity (s) = T, o (),

Q\mg\m

Let u be the optimizer for STMg(s), i.e.,
H(Vu)?dr < 1, |u(z)|?dz = 1
R2 R2

and

STMy(s) = /]R? [exp(s|u(z)|?) — 1]dz.

Then, using the same arguments as in the proof of Remark 1.7, we can verify that

o(z) = <;)éu()\z)

with

is a maximizer for TM, p o(v). O

Proof of Theorem 1.10 for a < v5.  When « < 73, it is easy to see that

1—(2)%]%
hTIn MSTMO(S) =0< TMa’bﬁo(Oé).

Qlw 9w
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We now show that )
1= (2)3]p
lim ———&~——

al0 STMO (S) =

Qlw Q|w

Indeed, let s, | 0 and H°-radially symmetric non-increasing functions u,, be such that

H(Vu,)2dz < 1, / ()2 = 1
R2 R2

and

STMo(sy,) = / [exp(sp|un(2)]?) — 1)d

R2
[e’e] 2\j
—s, / defg
R2j:2 J:
Cont [ salua@) Plexp(sulun(@)?) - 1da.
R2
By Holder’s inequality, the Sobolev embeddings and the fact that STMy(s) | 0 as s | 0, we get

/ |tn (z exp (S$n|un(z )\ )—1]dz =0

as s, J 0. Hence,

1—(%2)%]% T™
lim [ (SO‘ )*] STMo(s,) = li 5 50(8") =
) En $nl0 07

Hence, we can now conclude that TM, 4 o(c) is not achieved only if TM,  0(a) = . We also note here

that the mapping
TMa,p,0()

(67

[0 d

is nondecreasing. As a consequence, there exists some oy 0 > 0 such that TM, 5 o(v) cannot be attained
for all 0 < & < agp,0 and TM, p o(c) is achieved for all oy p0 < a0 < V2.

Now, if a > 2, we will show that a4 40 = 0 by showing that TM, ;5 0(e) > « for all 0 < o < y2. Indeed,
let us choose a smooth function v # 0 such that [p,|v(z)[*dz = 1 and set vy(z) = tzu(t2z). Then

H(Vv)?de =t | H(Vov)ide
R2 R2

p=2
[oellp =2 [[v]lp.

Also, for each t > 0, we could find some ¢; > 0 with u; = ¢;v¢ such that

a b
( H(Vut)2dac> + (/ |ut|2dx> = it? ( H(Vv)2dx> +ch=1.
R2 R2 R2

By the implicit function theorem,

a , a

v —2¢f ([ H(Vv)2da) 2tz
bt act s ( (fooH(Vv)2dz)s

It is also clear that ¢; 11 as ¢t | 0. Then

TMgp0(a) > /]R2 [exp(alus(2)|?) — 1]dx

> ac} (1 + gcftﬂvﬁ) —a astlO0.
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We have that when a > 2,
@
Li = 2cec; + 562‘\\%}”3 + 2acicjt||v]z

Gl D L — M
— g
beb™ 1+act 1t2 fRQ (Vv)2dz)s 2 10

«
— 5”’0”3 >0 astl]O.

= (2 + 2acit||v]7)

Thus, since L; — 1 as t | 0, we get
Ly =c; (1 + 2ctt||v|4> >1 astg0.

Hence, in the case a > 2, TM, p0(a) > @, 80 agp0 = 0. That means that TM, p o(«) can be achieved
for all 0 < @ < 72. The same arguments hold (i.e., TM, j0(a) can be attained) when a = 2 and

41

> o> -
Y2 > b32

where
lv]l3
(Jpe H(Vv)2da)|jv]|3°
Another way to deal with this situation is that in this case, it is enough to show that there exists some
5 > 0 such that

By = sup

= s
STMo(s) = L sa= —
[1-(2)%]% [1-(2)%]¢
Indeed, it is easy to see that
2
STMy(s) > s + %Bg,
so we need to show that there is s > 0 such that
52 s
° By >
SR T
That means o
21-[1—-(2)2]%
22— a2
s [1-(2)=]
Noting that when a > 2,
21-[1-(2)4F _
05 [1—(2)5]3 -
we can conclude that such an s exists. When a = 2, we have
21—[1—(2)%]F 41
sl00s [1— (i)%]% ba

Hence, in this case, we are able to choose s > 0 if By > %l
When a < 2, we will show that ag 0 > 0, i.e., TM, () cannot be achieved when « is small enough
(and hence TM, p0(c) = «). To prove this fact, it is enough to show that for o Z 0,

/ [exp(a|u(z)|?) — 1]dz < a for all u : < H(Vu)2dm) + (/ u|2d:r) <L
R? R? R?

We first note that by definition, for any v € (0,72),

L= (e

[[ull3

2
> - 1] dr < ST O E
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Hence,
(k+1)!
lull335% < STMo (7)1 o [H (Vw3 [[ul3 (Y& >0)
(k +1)! i
< STM (7)1 - 67)1,
where 0 = ([, H(Vu)?dz)? € (0,1). Hence,
2 2 o alth 242k
[ felalu(e)?) - s = aul} + > il
— ao'TF (k1)
<a(l- 0% +STM - 02+ (1
Oé( )b +5 O(W)Z (1 ¥+ k’) ’Yk+1 (
a2 pa) 2
= a(l—6")% + STMo(y Z k+102k 6
2 2 >
= a1 — 67 + STMy(y) > (1 — 6) EZ
’7 k=1
2 O[ 2
=a(l—6%)5 4+ STMp(v)—(1 —6%)% {
"/
02
= a1 —67)% + STMy(7) = (1 — 67) % <
(1 = 0)% +STM() s
So it is enough to choose a such that
STM ()& (1 — 603 [ 20T < a1 — (1 - 6m3),
ol ~ v — aez
ie.,
1—(1-6%%
a < il ( )] , Voe(0,1).
STM () =022 b g2 +02[1 — (1 —0%)7)
But this is totally possible since by L’ Hopltal s rule and the fact that a < 2,
1—(1-6%%
. ol (-6 »
" STM () 22002 4+ 02[1 — (1 - 67) 2]
and )
1—(1—-6%%
lim oL — (=697 > 0.
P70 STM (7) U20502 4 02[1 — (1 69)7]
This completes the proof
Proof of Theorem 1.10 for a = v5 and b < 2.  We recall that
- (2t
sup o STMo(Oé) = TMa,b70(’}/2).
a€e(0,v2) Y2
In particular,
- (2)1]
sup o STMo(OZ) = TM(LQ’O(’-YQ).
QE(O,’YQ) ’772
Hence, by b < 2, we have
_ (22 (25121 — ()5
lim [ (lz) } STMp(a) = lim [ (72) j [ (072) ]STMO( )
atyz = atyz [1 — (g) 2] o

— 9‘1)

2
b
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and by a proof similar to the above one,
- (23]

h?& — STMp(a) = 7o.

¢ V2

Hence, we similarly have that TM, j0(y2) can be achieved if TMg 4 0(72) > 72. For example, if a > 2,
TMa p,0(72) can be achieved. TM, 3 0(72) can also be attained if a = 2 and

4 ([, H(Vv)id
o > 7%(# (for some v with / |v(z)|2dx = 1)
b lvllz R?

4

or equivalently,
Y2 >b> .
Y2 Bo

The case a < 2 is more interesting. In this situation, we will use a fact that when H® is the standard
Euclidean norm |- |, TMy 2 ¢(47) > 47 (see [26,55]). Then by the convex rearrangement arguments, we

can get TMy 2 0(72) > 2. We next show that if a,, T 2 and b,, 1 2, then
TMa,, b.,0(72) T TMa22.0(72).

As a consequence, we have TM,, ; o(72) > 72 when (a,b) ~ (2,2). Hence, we can claim that TM, p 0(72)

can be achieved when (a,b) ~ (2,2). Indeed, for any € > 0, let u be such that

H(Vu)*de + | |ul*de=1
R2

R2
and
TM32,0(72) < /z[exp(72|u(x)|2) —1)dx +¢.
R
Since a, T 2 and b, T 2, we could find some ¢,, 1 1 such that
b
2
=1.

cZ( H(Vu)zdx) +cl;(/ u|2dx)
R? R?

Then
0 < TMz20(72) — TMa, 5, 0(72)
< [ esplelut@)P) = 1lde = [ fexp(rack u@)f?) - 1o+
= [ felalu@)P) - expract fu(e) o +
Since exp(ya|u(z)|?) — exp(y2c?|u(z)|?) = 0 ae.,
0 < exp(y2lu()[?) — exp(y2cy|u(@)[?) < exp(yelu(z)®) — 1 € L
O

and ¢ is arbitrary, we can conclude that TMsz 2 o(72) — TM,,, 5,.0(72) 4 0.

Remark 5.3. ,
1 o s a4z
tim G g )
S,|,0 a

«) in the sense of [19,26]. Similarly,

—~

is actually the vanishing phenomenon of TM, 4o
)8]%

\
—~

Rlelg |y

lim STM()(S)
sTa
is the concentration alternative for TM, j o(«). Hence, it can be seen from the above proofs that in the

subcritical cases (i.e., @ < y2 or & = 9 and b = N), the concentration situation cannot occur.
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6 Affine Trudinger-Moser type inequalities

In this section, we will apply our results for suitable Finsler norms to get the affine versions of the
Trudinger-Moser type inequalities. Thus, we provide a different approach to the results in [13].

6.1 Brunn-Minkowski theory

We recall here some background material from the Brunn-Minkowski theory of convex bodies. The
interested reader can refer to [46,47,58] and the references therein.

A convex body K C R¥ is a convex compact subset of R with nonempty interior. Its support function
is defined as hx (x) = sup, ¢k (7, y). We also define the gauge | - || x and radial 7x(-) functions as

|z x = inf{A > 0:2 € AK},
ri(z) =sup{A>0: )z € K}.

It is obvious that ||z||x = #(I)

For K C RY, we also define its polar body by
K°={xecRY:(z,y) <lforallyec K}.

Hence, hxg = rx.. We also have
K= [ e =5 [ el
N Jgn-1 N Jon-1
For each A € [0, 1], the general L? centroid body of K is the convex body
CapK = (1= NI K+ M, K,

where 'y K = It (—K). Here, I'f K is the asymmetric L? centroid body of K that is defined by

1
hig (@) = Ow_pm/K(%yﬂd%
o _ WN+p—2
NN +p)wNwp-1’

Hence, we get
1
P _ 1— P p
@) = o [ 0= 0+ M2y

Here, (x,y)+ = max{(z,y),0} and (z,y)_ = max{—(x,y),0}.

We mention here the LP Busemann-Petty centroid inequality |I'y ,K| > |K|. The equality occurs if
and only if K is an origin-centered ellipsoid. This affine isoperimetric inequality was first investigated
in [48] to generalize the classical Busemann-Petty centroid inequality by Petty [53].

Now, we define the general L affine energy for f € WLP(RY) by

R (/SN </RN[(1 ~ V@) o) + AV (@) a)’i]div> gd0> v
enp = (Nwy)¥ (M) %.

0<A<], (Vf(x) o)y =max{Vf(z) 0,0} and (Vf(z) 0)- =max{-Vf(z) 0,0}

It can be noted that when A = 1, &1 ,(f) is the L affine energy &,(f) introduced in [13] while & p(f)
is exactly the asymmetric L? affine energy £F(f) studied in [24].
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6.2 Affine Trudinger-Moser type inequalities from Finsler Trudinger-Moser type inequal-
ities

Now, fix f € C§°(R?). We will use the following Finsler norms:

7) = [ LIl 0 = 2t + 2 y>21dy] |

N

el = | [ 10 =Nl ) + M9 0|
We also set

Kya2(f) ={x: Hy(z) <1},
Lyao(f) ={z : zll2n s < 1}

We note that

/ H(V f(x))*dz = / / il (= AV F(@),9)2 + MV F(2),9)2 Jdydz

/ C (V@))% + MY f(2), ) |dedy
5
-2
=2|Lx2(f)| = (a\cz(j)) .
Moreover, from
B o / lollyd 11— N u) + A,y Jdy

HyHQ,A,f
—4 /S 1 / (L= N 92 + Aa, )2 rPdrdy
—4 / (1= N 52+ Aa,y)® 1y
Lx2(f)

= 4a2,2|LA,2(f)|h12“A,2LA,2(f) (z),

we can deduce that
Ky 2(f) = [dag2|Lx2(f)]2Ta2La2(f)-

Thus, by the L? Busemann-Petty centroid inequality |I'x 2Lx2(f)| = |La2(f)|, we obtain

< 24 2
[Kx2(f) = 4o 22<2< /\Q(f)> > : (6.1)
C2,2
The equality occurs when Ly o(f) is an origin-centered ellipsoid.
Hence,
£ 2y 2
= ) > s (5(220) )
C2,2
and
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2
< Iigg)\iz(f). (62)

Hence, by Theorem 1.2, we obtain for 0 < o < 4wo,

1 / ,
Sup [ [exp(alf(z)]®) — 1]dx < oc.
recg®2),e2 (<1 Jpalf(@)Pda Jra

We also note that with a mild modification in the proof of Theorem 1.6, we get that for 7 > 0, a > 0 and
0<b<2

sup / [exp(v2|u(z)]?) — 1]dz < oco.
ez H(Vw)2da) $ +7(frau(e) 2dn) s <17 F

Hence, using (6.2) and a simple argument, we can deduce that

sup / [exp(4ws| f(z)|?) — 1]dz < oo.
(E2,,() 2 +(Jp2|f(@)[?da) 2 <172
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